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We illustrate some physical application of a lattice formulation of the two-dimensional N = (2,2)
supersymmetric SU(2) Yang–Mills theory with a (small) supersymmetry breaking scalar mass. Two
aspects, power-like behavior of certain correlation functions (which implies the absence of the mass gap)
and the static potential V (R) between probe charges in the fundamental representation, are considered.
For the latter, for R  1/g, we observe a linear conﬁning potential with a ﬁnite string tension. This
conﬁning behavior appears distinct from a theoretical conjecture that a probe charge in the fundamental
representation is screened in two-dimensional gauge theory with an adjoint massless fermion, although
the static potential for R  1/g has to be systematically explored to conclude real asymptotic behavior
in large distance.
© 2009 Elsevier B.V. Open access under CC BY license.1. Introduction
Recently, through the observation of a “partially conserved su-
percurrent relation”, we obtained [1] an aﬃrmative numerical evi-
dence that a lattice formulation in Ref. [2] provides a supersym-
metric regularization of the two-dimensional N = (2,2) super-
symmetric Yang–Mills theory (SYM) 1 2
S = 1
g2
∫
d2x tr
{
1
2
FMN FMN + Ψ T CΓMDMΨ + H˜2
}
, (1)
when one supplements to S a supersymmetry breaking scalar
mass term
Smass = 1
g2
∫
d2xμ2 tr{A2A2 + A3A3}. (2)
* Corresponding author.
E-mail addresses: kanamori-i@riken.jp (I. Kanamori), hsuzuki@riken.jp
(H. Suzuki).
1 For other lattice formulations of this system, see Refs. [3–9]. For recent devel-
opments in this ﬁeld of research, see Ref. [10] for a review and references cited in
Ref. [1]. As further recent study, see Refs. [11–19].
2 This system can be obtained by dimensionally reducing the four-dimensional
N = 1 SYM from four to two dimensions and hence a four-dimensional notation is
useful; Roman indices M and N run over 0, 1, 2 and 3, while Greek indices μ and
ν below run over only 0 and 1. With the dimensional reduction, it is understood
that ∂2 = 0 and ∂3 = 0. Ψ is a four-component spinor. We follow the notational
convention in Ref. [1]. Note that the gauge coupling g has the mass dimension 1.0370-2693 © 2009 Elsevier B.V.
doi:10.1016/j.physletb.2009.01.039
Open access under CC BY license.The scalar mass term was added to suppress a possible large am-
plitude of scalar ﬁelds along ﬂat directions that may amplify O (a)
lattice artifacts to O (1) [1]. In the present Letter, we illustrate
some physical application of this lattice formulation for the sys-
tem S + Smass.
2. Correlation functions with power-like behavior
Assuming the ’t Hooft anomaly matching condition, in Ref. [20],
it was pointed out that the two-dimensional N = (2,2) SYM has
no mass gap. This aspect has been numerically investigated from
almost a decade ago [21,22] by utilizing the supersymmetric dis-
cretized light-cone formulation [23]. In this super-renormalizable
system, it is in fact possible to determine (to all orders of pertur-
bation theory) an explicit form of a correlation function between
Noether currents, by employing anomalous Ward–Takahashi (WT)
identities (i.e. the Kac–Moody algebra) [24]; this explicit form di-
rectly proves the above assertion. Here, rather than supersymme-
try, continuous global (bosonic) symmetries are important and the
proof [24] applies even with supersymmetry breaking scalar mass
term (2).
The total action S+ Smass is invariant under the (two-dimensio-
nal) U (1)V transformation, Ψ → exp{iαΓ5}Ψ , and an associated
Noether current (U (1)V current) is given by
jμ ≡ 12 tr
{
Ψ T CΓμΓ5Ψ
}
. (3)g
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Sets of uncorrelated conﬁgurations used for Figs. 1 and 2. The scalar mass squared
is μ2/g2 = 0.25 for all cases.
Lattice size ag βg × Lg Number of conﬁgurations Set label
16× 8 0.1768 2.828× 1.414 400 I
20× 10 0.1414 2.828× 1.414 800 II
24× 12 0.1179 2.828× 1.414 400 III
20× 16 0.1414 2.828× 2.263 400 IV
Similarly, associated with the U (1)A symmetry, Ψ → exp{αΓ2Γ3}Ψ ,
A2 → cos{2α}A2 − sin{2α}A3 and A3 → sin{2α}A2 + cos{2α}A3,
there is a Noether current (U (1)A current),
j5μ ≡ 1
g2
tr
{−iΨ T CΓμΓ2Γ3Ψ + 4i(A3Fμ2 − A2Fμ3)}. (4)
It is then possible to show that [24], for the two-dimensional eu-
clidean space R2,
− i
2
〈
jμ(x)νρ j5ρ(0)
〉
= 1
4π
(
N2c − 1
) ∫ d2p
(2π)2
eipx
×
{
− 1
p2
(pμpν − μρνσ pρ pσ ) + c˜δμν
}
= 1
4π
(
N2c − 1
){ 1
π
1
(x2)2
(xμxν − μρνσ xρxσ ) + c˜δμνδ2(x)
}
, (5)
to all orders of perturbation theory, where Nc is the number of
colors and the constant c˜ is a regularization ambiguity in a diver-
gent one-loop diagram. Thus the correlation function between the
U (1)V current and the U (1)A current possesses a massless pole
and this is precisely what the ’t Hooft anomaly matching condi-
tion claims for this two-dimensional system.
We want to conﬁrm the power-like behavior of correlation
function in Eq. (5) by using a lattice Monte Carlo simulation. For
this, we prepared sets of uncorrelated conﬁgurations listed in Ta-
ble 1. For simulation details, see Refs. [1,25,26]. In the table, a de-
notes the lattice spacing and β and L are temporal and spatial
physical sizes of our lattice, respectively. The scalar mass squared
is μ2/g2 = 0.25 for all cases. The temporal boundary condition
for fermionic variables is antiperiodic as in Ref. [1]. For current
operator (4), we discretized the covariant derivatives Fμ2 = DμA2
and Fμ3 = DμA3 by using the forward covariant lattice difference.
Eq. (5) suggests that we should not take an average of the cor-
relation function over the spatial coordinate x1 (i.e., projection to
the zero spatial momentum) because after the average, correlation
function (5) becomes proportional to δ(x0) that cannot be distin-
guished from the regularization ambiguity; we should measure the
correlation function as it stands without the zero spatial momen-
tum projection.
In Fig. 1, we plotted −i〈 jμ(x)νρ j5ρ(0)〉/2 with μ = ν = 0
along the line x1 = 0. We plotted also theoretical prediction (5)
for R2 with Nc = 2, (3/4π2)1/(x0)2, by the broken line. We clearly
see the power-like fall of the correlation function for x0g  0.73 in-
stead of exponential one, although the overall amplitude is some-
what larger than the theoretical expectation for R2. From the be-
3 In Fig. 1, we plotted the correlation function as a function of x0, along the line
x1 = 0. As x0 moves away from the origin x0 = 0, the point x approaches a periodic
image of the origin at x0 = β and for x0  β/2 we expect the correlation function is
power-like in the variable β − x0. In other words, the fact that our ﬁnite-size lattice
is topologically T 2 but not R2 cannot be neglected for x0  β/2. We thus do not
expect the power-like fall (that is expected for R2) for x0g 1 and actually the plot
blows up for x0g  1 (in our simulation, βg = 2.828). This remark is applied also
to Fig. 2, in which the antiperiodic boundary condition for fermionic ﬁelds implies
“blow-down” for x0g 1.Fig. 1. The correlation function −i〈 jμ(x)νρ j5ρ(0)〉/(2g2) with μ = ν = 0 along the
line x1 = 0, for the conﬁguration sets in Table 1. The broken line is theoretical pre-
diction (5) for R2.
havior in the ﬁgure, we think that this discrepancy in the overall
amplitude is caused by a ﬁnite lattice spacing and volume. In par-
ticular, comparison between set II (indicated by ×) and set IV
(indicated by ©) shows that the ﬁnite size effect is rather large
(note that these two sets differ only in the spatial physical size L).
We thus expect that the theoretical prediction for R2 is eventually
reproduced in the limit, a → 0 and β , L → ∞, although we do not
carry out a systematic study on this limit.
What is the implication of the above observation? It indicates
that our target theory, the two-dimensional N = (2,2) SU(2) SYM
with a scalar mass term, is realized in the continuum limit of the
present lattice model. In particular, in deriving Eq. (5), one as-
sumes that the U (1)V and U (1)A currents jμ and j5ν individually
conserve [24].4 One assumes U (1)V and U (1)A symmetries in this
sense. In the present lattice formulation [2], the U (1)V symmetry
is explicitly broken for ﬁnite lattice spacings. The above observa-
tion hence indicates that the U (1)V symmetry is fairly restored
with present lattice spacings. (This symmetry will eventually be
restored in the continuum limit [1].)
Now, if the system were supersymmetric, and if supersym-
metry is not spontaneously broken, there would exist a massless
fermionic state corresponding to the massless bosonic state ap-
pearing in Eq. (5) as an intermediate state. We expect that this
fermionic state produces a massless pole in the correlation func-
tions〈
(sμ)i(x)( fν)i(0)
〉
(i = 1,2,3,4; no sum over i), (6)
where i denotes the spinor index and
sμ ≡ − 1
g2
CΓMΓNΓμ tr{FMNΨ }, (7)
fμ ≡ 1
g2
Γμ
(
Γ2 tr{A2Ψ } + Γ3 tr{A3Ψ }
)
. (8)
In the above, sμ is the supercurrent associated with the supersym-
metry of S , δAM = iT CΓMΨ , δΨ = i2 FMNΓMΓN + i H˜Γ5 , and
δ H˜ = −iT CΓ5ΓMDMΨ , and fμ is a lowest-dimensional fermionic
spinor-vector (considered in Ref. [1]). Eq. (6) with i = 1, 2, 3, and
4 are precisely four correlation functions studied in Eq. (11) of
Ref. [1] and, as noted there, these four functions are identical to
4 This assumption fails, for example, in the massless Schwinger model, in which
the U (1)A current suffers from the axial anomaly; note that the massless Schwinger
model has a mass gap.
I. Kanamori, H. Suzuki / Physics Letters B 672 (2009) 307–311 309Fig. 2. The correlation function 〈(sμ)i(x)( fν )i(0)〉/g2 with μ = ν = 0 along the line
x1 = 0 for set IV in Table 1. The broken line is (3/4π2)1/(x0)2, the same function
plotted in Fig. 1.
each other in the continuum theory. Our expectation that Eq. (6)
possesses a massless pole stems from a supersymmetric WT iden-
tity for a vanishing scalar mass squared, μ2 = 0
1
4
4∑
i=1
〈
(sμ)i(x)( fν)i(0)
〉
= − i
2
〈
jμ(x)νρ j5ρ(0)
〉
−
〈
jμ(x)νρ
1
g2
tr
{
A3(0)Fρ2(0) − A2(0)Fρ3(0)
}〉
, (9)
which follows from δ〈 jμ(x) f Tν (0)〉 = 0, where δ is the global su-
per transformation; this relation holds under the assumptions that
the boundary condition is consistent with supersymmetry and su-
persymmetry is not spontaneously broken. (In deriving Eq. (9),
we have used also the equation of motion of the auxiliary ﬁeld,
H˜ ≡ H − i F01 = 0.) In the right-hand side of Eq. (9), the massless
pole in the ﬁrst term (recall Eq. (5)) cannot be cancelled by the
second term, because the latter is O (g2) as one can easily see.5
Even if the supersymmetry breaking owing to lattice regulariza-
tion disappears in the continuum limit [1], our present system is
not supersymmetric because there is scalar mass term (2) and we
used the antiperiodic temporal boundary condition for fermions.
These will give additional contribution to Eq. (9). In Fig. 2, we
plotted correlation functions (6) along the line x1 = 0 for set IV
in Table 1. (For the parameters of this conﬁguration set, naively-
expected order of magnitude of supersymmetry breaking caused
by above factors would be ∼ μ = 0.5g and ∼ 1/β 
 0.3536g , re-
spectively.) For 0.2  x0g  1.0, for all i, the power-like behavior
expected from supersymmetric WT identity (9) combined with
Eq. (5) is fairly observed. Somewhat surprisingly, we do not see
a signiﬁcant effect of the supersymmetry breaking and it appears
that the fermionic intermediate state is approximately massless as
expected from approximate supersymmetry. This result is consis-
tent with the conclusion of Ref. [1] that the supersymmetry break-
5 In fact, a one-loop calculation of Eq. (6) on the basis of Eq. (1) coincides with
expression (5), possibly with a different regularization-dependent constant c˜. Note
also that even if correlation functions (6) possess a massless pole of structure (5),
this does not necessarily imply the existence of the Nambu–Goldstone fermion as-
sociated with the spontaneous supersymmetry breaking. This is because structure
(5) shows that the Fourier transform of ∂μ〈(sμ)i(x)( fν )i(0)〉 vanishes at zero mo-
mentum.Table 2
Sets of uncorrelated conﬁgurations used for Figs. 3 and 4. The scalar mass squared
is μ2/g2 = 0.25 for all cases.
Lattice size ag βg × Lg Number of conﬁgurations Set label
20× 10 0.2 4× 2 800 V
20× 10 0.1414 2.828× 1.414 800 VI
20× 16 0.1414 2.828× 2.263 400 VII
30× 10 0.1414 4.243× 1.414 800 VIII
ing owing to the lattice regularization disappears in the continuum
limit.
3. Potential energy between probe charges in the fundamental
representation
Contrary to naive intuition, it is believed that a probe charge
in the fundamental representation is screened by dynamical ad-
joint massless fermions in the two-dimensional SU(Nc) QCD [27,
28]. This phenomenon is analogous to the screening of a fractional
charge in the massless Schwinger model with an integer-charged
fermion and is believed to occur also in the two-dimensional
N = (1,1) SYM, despite the presence of a scalar ﬁeld and a
Yukawa interaction in the latter [27,29] (see also Ref. [30]). As a
generalization of these, in Refs. [29,30], it was claimed that this
screening persists in any two-dimensional (supersymmetric and
non-supersymmetric) gauge theory with adjoint massless fermions,
although an explicit proof was not given there. In our present sys-
tem, the masslessness of the gaugino is ensured by the global
U (1)A and U (1)V symmetries and, hence, it is of interest to study
the static potential energy between probe charges in the funda-
mental representation. If the expected screening occurs, the static
potential would approach a constant for large distance (i.e., the
Wilson loop obeys the perimeter law).
We thus measure the expectation value of the Wilson loop,
W (T , R) ≡
〈
1
2
tr
{∏
∈C
U
}〉
, (10)
where C denotes a rectangular loop of a physical size T × R
and link variables U belong to the fundamental representation
of the gauge group SU(2). For this average, we prepared uncor-
related conﬁgurations listed in Table 2 (the scalar mass squared is
μ2/g2 = 0.25 for all cases). Theoretically, the static potential V (R)
is deﬁned by the asymptotic form in T → ∞:
− ln{W (T , R)}= V (R)T + c(R). (11)
Practically, with ﬁnite-size lattices, we made a linear χ2-ﬁt of
− ln{W (T , R)} with respect to T in a ﬁnite range Tmin  T  β/2
for each R and regarded the slope as V (R); obviously β/2 is a
maximal temporal size of the Wilson loop that is physically mean-
ingful. We determined the lower end of the ﬁt Tmin such that the
ﬁtting range becomes as wide as possible insofar as χ2/dof of the
ﬁt does not exceed unity. We had Tmin = a− 5a. A typical result of
this linear ﬁt is depicted in Fig. 3 for the case of set VI in Table 2.
In Fig. 4, we plotted V (R) for R < L/2 determined in this way
for various lattice spacings and lattice sizes (Table 2). The error in
the ﬁgure was determined by the range of a slope of the linear ﬁt
that corresponds to a unit variation of χ2.
Now in Fig. 4, all points are almost on a common line, although
lattice spacings are different (ag = 0.2 for + and ag = 0.1414 for
×,  and ©). This fact indicates that the result in Fig. 4 can
roughly be regarded as that in the continuum limit. Similarly, since
physical lattice sizes of each conﬁguration set are rather different
(for example, Lg = 1.414 for × and Lg = 2.263 for ), there ap-
310 I. Kanamori, H. Suzuki / Physics Letters B 672 (2009) 307–311Fig. 3. The linear χ2-ﬁt of − ln{W (T , R)} for set VI in Table 2.
Fig. 4. V (R)/g determined by the linear χ2-ﬁt described in the text. See Table 2 for
the label of conﬁguration sets. μ2/g2 = 0.25.
pears almost no signiﬁcant ﬁnite-size effect.6 Therefore, at least
for Rg  1, we could conclude that the static potential V (R) is lin-
ear (i.e., the Coulomb potential in two dimensions) with a ﬁnite
string tension σ ∼ 0.25g2. This appears to be distinct from a the-
oretical conjecture in Refs. [29,30].7 However, to conclude whether
a probe charge is really conﬁned or screened, the static potential
for Rg  1 has to be systematically explored; we reserve this as a
future project.
It is also of interest to see how the behavior in Fig. 4 changes as
a function of the scalar mass. For example, in the limit μ2/g2 →
∞, the scalar ﬁelds will completely decouple8 and our system
would become the two-dimensional SU(2) QCD with an adjoint
massless fermion. On the other hand, the limit μ2/g2 → 0 would
provide a possible deﬁnition of the two-dimensional N = (2,2)
6 The discrepancy between  and × at Rg = 0.5657 could be explained by the
fact that this value of Rg is comparable with the spatial lattice size for set VI. Note
that for smaller Rg they have less discrepancies.
7 A possible confutation is that the gaugino is not strictly massless in our sim-
ulation because of the antiperiodic temporal boundary condition. This point seems
irrelevant, however, because the behavior in Fig. 4 appears insensitive to the tem-
poral size β of our lattice. Compare, for example, set VI and set VIII.
8 A unique UV divergent diagram that contains scalar loops is a one-loop
scalar self-energy. This contributes to simply shift the tree-level mass μ2 by ∼
g2 ln{μ2/Λ2}, where Λ is the UV cutoff, and does not affect a complete decou-
pling of the scalar ﬁelds in the limit μ2/g2 → ∞.Fig. 5. V (R)/g determined by linear χ2-ﬁt described in the text. We used the con-
ﬁguration sets in Table 3 and, for μ2/g2 = 0.25, set VI of Table 2. Eq. (12) with
Nc = 2 is plotted by the broken line.
Table 3
Sets of uncorrelated conﬁgurations used for Fig. 5.
μ2/g2 Lattice size ag βg × Lg Number of conﬁgurations
1.69 20× 10 0.1414 2.828× 1.1414 800
0.04 20× 10 0.1414 2.828× 1.1414 800
SYM. It is believed that the screening occurs in both theories, as
already noted. To have a rough idea on this issue, we carried out a
preliminary experiment by using sets of conﬁgurations listed in Ta-
ble 3. The results are summarized in Fig. 5. For both μ2/g2 = 1.69
and μ2/g2 = 0.04, we still see a linear potential, although the
string tension appears somewhat smaller for smaller μ2/g2.9 In
the ﬁgure, just for reference, we also plotted the function
V (R) =
√
Nc
π
g
(
1− exp
{
−
√
Nc
π
gR
})
(12)
with Nc = 2, that is given by a semi-classical analysis of a
bosonized version of the two-dimensional massless QCD [27].
Strictly speaking, the overall proportionality constant is not de-
termined by this analysis and we have chosen it as above without
any special reason.
Fig. 5 is simply a result with a single lattice spacing and a sin-
gle lattice size. It is thus not clear what is the real behavior in the
continuum and the large volume limits. Our result is still prelimi-
nary and a further detailed numerical study is needed.
4. Conclusion
In this Letter, we illustrated some numerical use of the lattice
formulation [2] of the two-dimensional N = (2,2) SYM with a
(small) supersymmetry breaking scalar mass. Two physical prob-
lems were considered. For the ﬁrst one (Section 2), our Monte
Carlo result fairly reproduced theoretical prediction on the basis of
global symmetries and (approximate) supersymmetry in the con-
tinuum theory. For the second one (Section 3), our result for the
static potential V (R) did not exhibit the screening behavior that
theoretically anticipated. However, since our result of V (R) was
9 Consider the case μ2/g2 = 0.04 in Fig. 5. For this case, the Compton wavelength
of a (free) scalar particle is 1/μ = 5.0/g and this is several times longer than the
physical lattice size. Thus in this case the scalar ﬁeld could effectively be regarded
as massless and the points  might be regarded as those for the two-dimensional
N = (2,2) SYM.
I. Kanamori, H. Suzuki / Physics Letters B 672 (2009) 307–311 311limited for Rg  1, it is desirable to carry out a further systematic
study by using ﬁner and larger lattices.
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